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Abstract

This paper addresses the problem of low-bias control for an active magnetic bearing (AMB) subject to voltage
saturation. Using a generalized complementarity flux condition, a simple, three-dimensional flux-based model is
used to describe the dynamics of the low-bias mode of operation. Several stabilizing controllers are derived by
applying recent results from nonlinear control theory. Specifically, the asymptotic small-gain theorem of Teel and
passivity-based ideas are instrumental in our designs. Both soft and hard saturation constraints are accommodated.
When flux measurements are not available, a nonlinear reduced-order observer is proposed to estimate the flux. We
show global asymptotic stability for all controller-observer interconnections. Numerical simulations against a high
fidelity AMB model show the effectiveness of the proposed control designs.

I. INTRODUCTION

It is envisioned that future commercial and military spacecraft will have an unprecedented degree of autonomy
made possible by increased on-board processing speed and memory capabilities. This increase in on-board pro-
cessing, autonomous sensing and communication capabilities translates directly to large requirements for on-board
available power. Traditional chemical batteries have several limitations stemming from their inherent unreliability,
low depth of discharge, heavy weight, limited life, etc. A discussion on the future trends of satellite architectures
and their impact on power generation and storage requirements can be found in [21], [5], [26].

An alternative to the chemical batteries for energy storage and power generation for future spacecraft has been
proposed in recent years, namely, that of electromechanical (e.g., flywheel) batteries [3], [4], [9], [21], [23]. Taking
into consideration that most orbiting spacecraft already incorporate spinning wheels (e.g., momentum wheels,
CMG?’s) for attitude control, the prospect of using these wheels to also store energy seems natural and appealing.
Several technical challenges need to be overcome, however, before flywheels become a part of a standard spacecraft
power subsystem. One such major challenge is the design of flywheels supported on low-loss active magnetic
bearings (AMB’s).

Efficient operation of flywheel electromechanical batteries necessitates minimization of energy losses (mechanical
and other). To avoid excessive friction losses, it is imperative to use AMB’s in order to support the spinning
rotor. Although mechanical (friction) losses are eliminated using AMB’s, electromagnetic losses still exist in a
flywheel/AMB system due to eddy current or ohmic effects. These losses can be a significant portion of the overall
power losses in high-speed flywheels [1]. One way to reduce eddy current and ohmic losses is to reduce or eliminate
the bias current during AMB operation [10], [12]. Owing to the nonlinear flux/force characteristic, a bias flux (or
current) is typically used to linearize the AMB equations followed by a subsequent use of linear design techniques.
Reduction or elimination of the bias current leads to a nonlinear region which is dominated, among other things,
by slew-rate force limitations close to the origin [7]. These limitations manifest themselves as saturation constraints
on the power amplifier voltage driving the coils of the electromagnets. The problem of designing low-bias control
laws for AMB’s subject to saturation constraints is a thus a nontrivial nonlinear control problem.

In this paper we use recent results from the theory of saturating control to design stabilizing control laws for
AMBs in low-bias operation, subject to voltage saturation constraints. The main design tools in this framework
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are passivity [24], and the asymptotic small-gain theorem and the nested saturation designs due to Teel [29], [28].
We present three low-bias designs for an AMB. The first two designs ensure global asymptotic stability in case of
soft saturation constraints. The third design ensures global asymptotic stability in case of hard voltage saturation
constraints.

All controllers proposed in this work require flux feedback. Since flux may not be easily measurable in practice,
a nonlinear observer is designed and incorporated in certainty-equivalence implementations of the state-feedback
control laws. The stability proof of this certainty-equivalence scheme is given for each of the three control laws.
Numerical examples against a high-fidelity AMB plant are used to demonstrate the theoretical developments. This
AMB plant includes all effects which are neglected in the control design process: coil resistance, flux leakage, and
neglected flexible dynamics. The numerical simulations show that the proposed controllers are robust against these
effects.

II. MODELING OF AN AMB IN LOowW B1AS MODE

The simplified AMB model used in this paper consists of two identical electromagnets, which are used to move
a rotor of mass m in one dimension. To regulate the position ¢ of the mass to zero, the control designer uses
the voltage inputs of the electromagnets, V), and V5, in order to exert attractive forces on the rotor; see Fig. 1.
Neglecting gravity, the total force generated by each electromagnet is given by [22],
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Fig. 1. Simplified one-dimensional AMB geometry.
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where ®; is the total magnetic flux of the i-th electromagnet, A, is the cross sectional area of the airgap at the
pole, and 1, is the permeability of free space (= 1.25 x 107% H/m). In non-zero bias operation we distinguish the
total magnetic flux into the bias flux ®( and the perturbation (control) flux ¢; generated by the i-th electromagnet.
The total flux generated by the i-th electromagnet is therefore,

The equation of motion of the rotor can be written as
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where k = mpu,Ay. The electrical dynamics are given by
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where N is the number of turns of the coil of each electromagnet and V; is the total voltage applied to each
electromagnet. In (4) the coil resistance has been neglected for simplicity. This implies that a precompensator has
been used to cancel the coil resistance term!.

Let us now define the auxiliary control flux signal

¢=¢1— P2 ()
and introduce the following flux-dependent, voltage switching scheme
Vi=V, Vo=0 when ¢ >0, (6a)
Vo==-V, Vi=0 when ¢ < 0, (6b)
where v is a generalized control voltage such that
.V
=, 7
¢ N (7)
It can be shown [31] that under the switching strategy (6) equation (3) takes the form
.. 1 .=
i = (2200 + 0] ®)
where (i)o = Py + min{qbl (O), ng(O)}
Define now the non-dimensionalized state and control variables
j V/gor
;p1:£7 1"2:#7 x3:i7 UZ#) (9)
go Pgat v/ 90/ Pgat N®sat
along with the non-dimensionalized time
F—t Psat
gok’

where go is the nominal air-gap and ®g,¢ is the value of the saturation (maximum) flux. Then one obtains the
following non-dimensionalized system in state-space form

Ty, = @ (10a)
Ty = ew3+ x3|Ts) (10b)
:E/3 = v (10c)

where ¢ = 28 /Pg,t (0 < & < 1) and where prime denotes differentiation with respect to the new independent
variable 7. Notice that for ¢ = 0 this model reduces to the zero bias case?. Zero-bias control design for AMBs
is especially challenging because of the loss of linear controllability when € = 0. References [30], [31] present a
complete analysis of the zero-bias AMB control problem. Note that although by definition |x3| < 1, this constraint
will not be taken into consideration in the sequel.

In this paper we are primarily interested in the case when the maximum absolute value of v is limited due to
voltage saturation. If, for instance, it is known that |V| < Vjpax then (10c) must be replaced with

rh = saty(v) := sgn(v) min{\, |v|} (11)

where A = Vinax+/gok /N q%at‘ For notational simplicity, henceforth we use a dot to denote differentiation with
respect to 7. Also, we will let x := (a:l,xg,:rg)T € R3.

Notice that the voltage switching strategy (6) is such that min{¢, @2} stays constant along trajectories. As a
result, any control law that renders the closed-loop system (10) globally asymptotically stable will also ensure
boundedness of ¢; and ¢2 and, in addition, that lim;_,oo ¢1(¢) = limy—,00 P2(t) = min{¢1(0), 2(0)}; see [31] for
the details.

"Depending on the resistance variation with temperature, this may not be necessary. Modern PWM power amplifiers (e.g., Copley Controls
412) when operated in voltage mode, automatically compensate for the voltage drop across the (constant) coil resistance. For the effect of
the neglected coil resistance in equation (4) see also Section VIII.

“The initial control fluxes ¢1(0) and ¢2(0) are typically small and can be taken without loss of generality (or by the definition of ®) to
be zero. Even if this is not the case, these are spurious fluxes which shall dissipate very quickly due to coil resistance or by the bias-setting
control law; see [31].



III. LOW-BIAS VS. ZERO-BIAS AMB OPERATION

The main reason for low-bias operation is reduction of power losses. The motivation behind the flux-based
voltage switching scheme (6) is that under the generic assumption that ¢1(0) = ¢2(0) = 0 we have the following
generalized complementary flux condition (gcfc) on the perturbation flux ¢; [30], [31]

$1=¢, ¢2=0 when ¢ >0,
—po=¢, ¢p1 =0 when ¢ <O0.

This constraint ensures that only one control force acts on each electromagnet at a time, thus avoiding unnecessary
competition between the two electromagnets. Moreover, the gcfc operation constraint tends to reduce the overall
flux, thus ensuring smaller power losses.

It should be pointed out that the gcfc is somewhat different than the classical complementary flux condition (cfc)
used for zero-bias operation (¢ = 0)

(12)

b= &, &o=0 when & >0,

(13)
d=—-Py, & =0 when & <0,

in the sense that the gcfc is imposed on the perturbation flux rather than on the total flux. When the bias flux is
taken to be zero (P9 = 0) however, the gcfc scheme reduces to the standard AMB model operating at cfc mode
(13). Moreover, the gcfc scheme ensures controllability of the resulting system as &g — 0. This is not the case
when using, say, the normal or constant sum flux biasing scheme [31], [15].

As already mentioned, small bias is used in order to reduce ohmic and eddy current losses. In the limiting case
®y — 0, one could eliminate the bias completely and (along with the standard cfc) achieve a great reduction in
power losses [7]. However, zero-bias operation imposes severe limitations on the AMB operation. Notice from (8)
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Fig. 2. Zero-bias and Low-bias characteristics.

that for zero-bias operation (®y = 0), the total force exerted on the rotor is given by

1 1
G=— ¢l¢| =— @[P]. (14)
K K

The difficulties arising from the zero-bias operation become apparent when looking at the plot of applied flux vs.
total generated force for each mode, shown in Fig. 2. From this figure it is seen that for the zero-bias case the slope
of the force vs. flux curve near the origin is zero. This implies that in order to produce a small control force we



need a large change in flux resulting in large voltage commands and potential voltage saturation. In other words,
for zero-bias operation, we have a situation resembling a “dead zone” near the origin. This problem is well-known
in the AMB literature and it is the main reason for introducing a flux (or current) bias. As the bias flux increases,
the slope at the origin gets steeper, leading to better dynamic response of the AMB [19]. This, however, is achieved
at the price of higher power losses. A compromise is needed between dynamic response and power losses due to
the bias fluxes. This compromise has motivated the low-bias control designs presented in this paper. We emphasize
that, while low-bias control may not be a very difficult control problem (at least for local/linearized designs), the
low-bias control problem with voltage saturation is challenging.

IV. PASSIVATION DESIGN

In this section we develop a passivation design to stabilize the low-bias AMB system

] = T9 (15&)
To = ex3+ :E3‘$3| = ex3 + U(Ig) (15b)
T3 = V. (15¢)

Our design starts with the preliminary feedback
v = —koxo — kaxs +u, ko, k3> 0. (16)

As shown below this feedback law (with u = 0) renders the equilibrium z = 0 stable with a Lyapunov function
V satisfying V' < 0. Asymptotic stability is then achieved by applying a saturated L,V -type control law as in
Sepulchre et al. [24]. To compute such a V' we introduce the new variable

¢ = kox1 + (kg/E)CCQ + x3, (17)
and rewrite the system (15)-(16) as
: k
(= §x3|x3| +u (18a)
To = ex3+ $3|IE3‘ (18b)
T3 = —koxog —ksrstu. (18¢)
Then the choice
V(¢ z2,23) = —/ sat(s)ds + =x5 + a5 + S |ws|rs (19)
k;l 0 2 2 3
satisfies
. k
V = 52sat(klz)?3]:r3|x3 + k‘g.fvz(é‘wg + |$3‘£L’3) — 8.%3(]{23?2 + I€3$3)

—x3|z3|(kawa + kaxs) + (e%sat(k1C) + ex3 + x3)23|)u
= esat(kiQ)ksas|es| — ekzxd — ksad|zs| + (e2sat (k1) + exs + a3|rs|)u
< —kgailes| + (?sat(kiC) + ews + w3lws|)u, (20)
which means that the system (18) with input u and output y = £?sat(k1() + ex3 + x3|x3| is passive. With u = 0,

the origin « = 0 is stable but not asymptotically stable, because the system (18) has a continuum of equilibria at
(€0,0,0), ¢o € R. To increase the negativity in (20) we apply the feedback

u = —saty(y) = —saty(e%sat (k1 () + ex3 + x3|z3)) (21)

which ensures global asymptotic stability for any saturation level A > 0. This is shown in the next theorem.
Theorem 1: Consider the system (15), and let the variable ¢ be as in (17). Then, the control law

v = —koxo — kaxg — saty (e%sat(k () 4+ exs + x3|zs]), ki, ko, k3, A >0 (22)

globally asymptotically stabilizes the origin z = 0.



Proof: From (20) and (21), it follows that the set in which V =0 is E = {(¢,z2,x3) : ( = 3 = 0}. When
3 = 0 and ¢ = 0 then v = 0 and thus 23 = 0 which along with z3 = u = 0 implies via (18c) that x5 = 0.
Therefore the largest invariant set in F is the equilibrium = = 0. Asymptotic stability follows from LaSalle’s
invariance principle. [ ]

V. SMALL GAIN DESIGN

Our next design makes use of an asymptotic small gain theorem by Teel [29]. Before presenting the main result
from [29] used herein, we let |y| := max; |y;| denote the norm for a vector y € R"™, and for a signal y(¢), we
denote

lyll, = Jim sup [y(#)] - (23)

The following result, adapted from [29, Theorem 3], is instrumental in our design:
Proposition 1: Consider the system

t = Ax+ Bu+w (24a)
2 = f(zu,d) (24b)
w = g(zud) (24c)

where 2 € R™, z € R"2, A is marginally stable; that is, there exists a matrix P = PT > 0 satisfying
ATp+PA<O, (25)
the function f(z,u,d) is locally Lipschitz, and the function g(z,u,d) is continuous satisfying

L 9w 0)

=0. (26)
I(zw)[ =0 |(2,u)]

Suppose, for the z-subsystem (24), there exists a locally Lipschitz class-K function ~; (-) such that, for each bounded

u(t) and d(t), the solution z(t) exists for all ¢ € [0, 00), and
12lla < 7 ([[ulla + lldfla) - 27)

Then, there exist positive constants A and A\* such that, for each bounded d(t) satisfying ||d||, < A, and for each
A € (0, A*], the control law

u = —saty (B" Pz +d), (28)

perturbed by d, ensures that the closed-loop solutions (z(t), z(t)) are bounded, and
1z, 2)lla < Y2(lldlla) (29)
for some class-/C function va(-). O

An advantage of the saturation design (28) is that it guarantees robustness against small measurement disturbances
d. When the disturbance converges to zero, that is when ||d||, = 0, then (29) implies ||(z, z)||o = 0, which means
that the trajectories (z(t), z(t)) converge to the origin.

We now apply this design methodology to the AMB system (15). Here we assume that there are no measurement
disturbances, i.e., d(t) = 0, and we design a globally asymptotically stabilizing control law as in (28). In Section
VII we will implement this control law with state estimates obtained from an observer, and prove stability using
the robustness property (29), where d is the observer error.

With the preliminary feedback (16), the (x2,x3)-subsystem plays the role of the z-subsystem in Proposition 1
because, as we prove in Theorem 2 below, it satisfies the gain property (27). Next, we note that the system (15)-(16)
is of the form

&= Ax+ Bu+w (30)
with
0 1 0 0 0
A=|10 0 € , B=|101|, w=/| z3|zs| | . (3D
0 —ky —ks3 1 0
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Fig. 3. System decomposition for the AMB problem.

The overall system decomposition is shown in Fig. 3. The design in Proposition 1 is now applicable because A is

marginally stable, and g(z, u,d), given by w above, satisfies (26).

Theorem 2: For the system (15), let A and B be as in (31) with design parameters ko, k3 > 0, and let P = PT >0
be such that AT P + PA < 0. Then, there exists a constant \* such that, for every A € (0, \*], the control law

v = —koxg — k3xg — saty (BTPZL‘)

globally asymptotically stabilizes the equilibrium z = 0.

(32)

Proof: We first note that the Jacobian linearization of the closed-loop system is & = (A — BBT P)x, where
A — BBT P is Hurwitz because (A, B) is controllable. Thus, the equilibrium z = 0 is locally asymptotically stable.
To prove global attractivity of z = 0, we employ Proposition 1 and show that the z-subsystem, rewritten here as

&9 = ex3 + w3 |3
i3 = —koxo — k3x3 +u,

satisfies the gain condition (27). To this end we let

k 1
V= 5237% + %x% + pxoxs + 5‘1'3’1%
where
. 46k52k3
O<pu< ks, v/ koe, —————=
< mingky 2 4eky + k2

It can be readily shown that V' is positive definite. The derivative of V' along the trajectories of (33) is

vV = —sﬂxg — kopxs — pkaroxs

—fi|z3|23 + exzu + ulws|rs + prou

IN

—ar|a]® + (e + p)lzlul + Julos|* — Alws]®

where

1
@ =3 <w + pko — \/(Eﬂ — pk2)? + u2k§> >0

(33)

(34)

(35)



and it = ks — p. Using Young’s inequality [14, p. 75] we have

4 1
ul|z3]? < EF\UP + fi|zs)?
Thus, .
V < —ar|z? + aglzl|u] + as|ul® (36)

where ay = ¢ + p and ag = 4/27/i%. Upon completion of squares, the last inequality yields
. a a
V< (a1~ 0)af* + o ul® + asuf’ (37
2 2b
where b a positive number such that b < 2a1 /ay. From (37) it follows that V < 0 whenever |z| > /c1|u|2 4 c2|ul3 =

p(|u]) with ¢1 = az/b(2a1 — agb) and co = 2as3/(2a1 — azb). Now let ¢3 = i(k‘g +e— \/(kg —¢€)? 4+ 4p?) and
ca = (ks + e+ +/(ka — €)? + 4p42) and note that

1
a(|z]) = esla|* < V(x) < eala|* + g!l‘\?’ = a(lz|).
Using [8, Fact 37] we conclude that
(22, z3)[la < 71([lulla) (38)

where 71 (s) = o~ H(a(p(s))) = \/b1s2 + bas® 4 (b3s2 + bys3)3/2, by = cyc1/cs, by = caca/cs, by = c1/(3c3)?/3, by =
ca/(3¢3)?/3. Thus, from Proposition 1, the solution z(t) exists for all ¢+ € [0,00), and |z||, = O, that is, the
equilibrium z = 0 is globally attractive. [ ]

Remark 1: The feedback control BT Pz in (32) can be substituted by another feedback Fz with the matrix
A — BF Hurwitz. Such a matrix F' can be found using the results of [27], [18].

Remark 2: The control law (32) as well as the control law (22) are saturated only partially. We call such
controllers “soft saturation” controllers to distinguish them from controllers that saturate the total control signal.
We shall call the latter “hard saturation” controllers; one such hard saturation controller is given next.

VI. NESTED SATURATION DESIGN

The control laws (22) and (32) are only partially saturated. We now design a completely saturated control law
following the nested saturation scheme of Teel [28], [29]. Unlike the general procedure in [28], [29], in the following
proposition we explicitly compute the admissible saturation levels.

Proposition 2: Consider the system (15). The control law

k2 k3 2k
v = —saty, | kzs +saty, | —x2 + kxs +saty, | —x1 + —x2 + kx3 39)
€ € €
with Ak 2 1 1
€
0<k, 0<X, 0<A ind =5 2 SN <A<z (do— =N 40
<k, < A1, <2<m1n{2,5}, 572 < 3<2<2 52 (40)
globally asymptotically stabilizes the 3quilibrium x = 0. s )
k k 2k
Proof: With y3 := kzs, ys := Tr + kxg, and y; = v + —x9 + kxs, and with the new independent
€ €
variable o = k7, the closed-loop system (15),(39), is rewritten (with an obvious abuse of notation) as
. 2
= y2+y3+v+gy3\y3| (41)
. 1
Yo = ys+uv+ ;y3|y3\ (42)
ys = v = —saty, (y3+ va), (43)
where € := ke and where vo = saty,(y2 + saty,(y1)). First, we note from the feedforward structure that the

closed-loop system does not exhibit finite escape time. Next, because |v2| < Ay in (43), the Lyapunov function



V3 = %y% satisfies V3 < 0 whenever lys| > A2 and, hence ||ys|la < Aa2. Using Ao < A1/2, it follows that the

saturation function saty, (y3 4+ v2) operates in its linear region after a finite time ¢;. Thus, for ¢ > ¢,

v = —y3 — vy = —Y3 — saty, (y2 +saty, (y1)), (44)

and the yo-subsystem is
Y2 = —saty, (y2 + v3) + w2 (45)

where v3 = saty,(y1) and wy = %yg,]yg\. Using the Lyapunov function V5 = %y% one can show that V5 < 0
whenever |ws| < Ay and |ya| > |v3] + |wal|. Because [[wolla < 1[ys)|2 < 1A3 < Ao from (40), it follows that
ly2lla < ||vslla + [Jw2]la- From this inequality and using ||vs]la < A3, ||wa2]la < 222 and the last inequality in (40),

it is not difficult to show that ||y2|| + ||vs|la < A2; that is, after a finite time ¢y > ¢4,
vg =saty, (Y2 +v3) =y2+v3 = v = —yo —y3 —saty,(y1). (46)
This means that, for ¢ > t5, the y;-subsystem is
i = —saty, (y1) + w3 47)

where ws := %yg\y3|. We first note that a A3 satisfying the last inequality in (40) exists because A2 < €/5 in the
second inequality. Next, because A3 > 2\3 /e, it follows from (47) that ||y1 s < |lwslle < 2A3 < A3, which means

that, after a finite time ts3, saty,(y1) = y1. Thus, for ¢ > t3 > t9, the closed-loop system is

. 2

n o= -yt ;y3|y3\ (48a)
. 1

Yo = —y1—Y2+ Ey3\y3| (48b)
Ys = —Y2—Y2—Y3. (48¢)

We conclude the proof by showing that this system is globally asymptotically stable. Indeed, the derivative of the
Lyapunov function

V =3y} — dy1y2 + 85 + %ﬁlygl 49)

along the trajectories of (48) is
V = -2y — 8y1y2 — 16y3 — %y:?\ysl : (50)
which is negative definite. Thus, the system (15), (39) is globally asymptotically stable. [ ]

VII. FLUX OBSERVER DESIGN AND OUTPUT FEEDBACK CONTROL

Thus far, our designs relied on the availability of flux measurements, which may be difficult in practice [11],
[20]. Another approach, employed in [16], is to estimate the flux from current and position measurements using

the formula e A,NT

2(90tq)
See also [20], [6]. This equation, which is essentially Ampere’s law, is accurate for low frequencies but it does
not account for hysteresis and eddy current effects. During transients a high frequency estimator of the flux can
obtained via Faraday’s law. A combination of the high-frequency and the low-frequency flux models have been
used in [11] to provide an estimate of the flux without a flux sensor. This flux estimator compensates for eddy
current effects, but cannot compensate for hysteresis effects and uncertainty in gaps due to thermal growth. The
scheme in [11], however, still uses current measurement to estimate flux.

Another complication arises in our case due to the voltage switching scheme (6) which requires knowledge of
the auxiliary signal ¢ = ¢; — ¢2. For correct implementation of the flux-based voltage switching scheme (6) it
is imperative to know the sign of ¢ even if its exact value is not measurable or not known. During hardware
implementation, the sign of ¢ can be easily inferred by a simple comparator of the coil currents of the two
electromagnets. We henceforth assume that such a setup is available.

If flux or current measurements are not available, the following approach can be used to estimate the flux.
Because the system nonlinearity n(x3) = z3|zs| in (15) is non-decreasing, we pursue the observer design of Arcak

(51
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and Kokotovié¢ [2] for this class of nonlinearities. When ¢ is small as in low bias applications, a full-order design
gives rise to large observer transients. We circumvent this problem with a reduced-order variant of the observer in
[2]:

Proposition 3: Consider the system (15) with the output y = x9, and define the new variable y := x3 — (k/¢)y
where x > 0 is a design parameter. With the reduced-order observer

- . K kK . K
X = v=—r(X+-y)—--nX+=-y) (52a)
€ € £
K
3 = >2+gy, (52b)
the observer error d(t) := #3(t) — x3(t) satisfies, for all ¢ in the maximal interval of existence [0,t) of (15), (52),
jd(8)] < |d(0)]e"". (53)
Proof: Because the derivative of y is
. K K K K
X=v—kr3— —n(r3) =v—K(x+ —22) — —n(x + —22), (54)
£ £ £ £
the observation error d = x —  satisfies
7 X . K ~ K K
d=x—x=—%d—g[n(x+gy)—n(x+gy)]- (55)
Next, because the function 7(x3) = x3|zs| is non-decreasing, we get
. K K
(X—x) [n(x + @) =+ gw)} >0, (56)
from which the derivative of V = %dQ satisfies
V < —kd? = —2KV | (57)
thus proving (53). ]

The separation principle does not hold for general nonlinear systems; that is, a state feedback control law may
be destabilizing when implemented with observer estimates. We now prove that the control laws derived in this
paper preserve stability with the observer (52).

Theorem 3: Consider the system (15) and the observer (52). Either one of the control laws (22), (32), or (39),
implemented with &3 instead of x3, globally asymptotically stabilizes the origin (x, x) = 0.

Proof: We first prove stability for the passivation design (22). When x3 is replaced with &3 = z3 + d, the
resulting output feedback control law © differs from the state feedback control law v in (22), by

d :=v—1 = ksd+saty(esat(k1 (2 + d)) + e(x3 4+ d) + (23 + d) |23 + d|) —saty(e2sat (k1 2) +ex3 + 23] 23]) . (58)

Then, the derivative of the Lyapunov function (19), along the trajectories of (15) with o, satisfies

V < —ks|as]® — (e%sat(kyz) + exs + x3]x3])d. (39)
Using the inequalities
ks s (45
w3lrs|ld < —lxs]” + (=) |d] (60)
4 ks

(to see this, consider the two cases |d| < Ks|zs) and |z5| < %\J!), and
-k s [4e
ewsd < = |as|® + eld]y | —|d| 61)
4 ks
(consider the two cases |d| < Z—g\xg,]Q and |z3| < V%\JD, we obtain

. k
V< —53|$3‘3 +

- 4\?% - - [4e -
2ld|+ [ — ) |d]? +eld|y/—|d|| - (62)
ks ks
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Next, letting 7" be in the maximal interval of existence [0, %) of the closed-loop system and integrating both sides
of (62) from 0 to 7', we obtain

T
V(@(T)) — V((0)) < /0

- 4\2 . - 4z -
52|d\+<k—> 1d|? + |d] k—€]d|] dt . (63)
3 3

Because d is exponentially decaying from (53) and (58), the integral on the right-hand side has an upper-bound
which is independent of T". This proves that ¢; = oo, and the trajectories are bounded. Finally, because d converges
to zero, it follows from LaSalle’s invariance principle that the solutions converge to the largest invariant set where
d = 0. When d = 0, the output feedback control law coincides with the state feedback control law and, hence, the
largest invariant set is the origin. This concludes the proof of global asymptotic stability for the passivation design
(22).

When the small gain design (32) is implemented with &3, the closed-loop system is

Zijl = X9
To = €ex3+ 3?3’933‘ (64)
T3 = —koxy — kig(.’Eg + d) — sat/\(BTP:E)

where & := (x1 2 #3)7. To show that there is no finite escape time, we assume t; < oo and let T' € [0,¢/). The
arguments used in the proof of Theorem 2 show that the (x3,x3) subsystem is input-to-state stable [25, Lemma
2.14] with respect to the disturbance @ = —ksd — sat (BT Pi); that is, for all ¢ € [0, T],

t€[0,T]

[(@2(t), z3())| < B(|(22(0), 23(0))[, 1) +~ ( sup [—ksd(t) — SatA(BTPi(t))O (65)

where (-, -) is a class-XCL function and 7(-) is a K-class function. Since 3(-,t) is a decreasing function in ¢ and
because |d(t)| < |d(0)| and |saty (BT Pz(t))| < A, it follows from (65) that, in the interval ¢ € [0, T, |(x2(t), z3(t))]
is bounded by a function of initial conditions that is independent of 7'. Likewise, using £; = xo and (65), we
conclude that |z1(¢)| has an upper bound which is a continuous function of 7', which contradicts the assumption
1y < oo because T' can be arbitrarily close to .

To prove stability of the equilibrium (z,d) = 0, we represent the closed-loop system (64) as in Proposition 1,
where the x-subsystem is given by (30), and the z-subsystem is as in (33), with u replaced with & = u — ksd, and

0
w = g(z,u,d) = | x3|zs| (66)
—ksd

in (31). Then, the same argument as in Theorem 2 implies that (38) holds for @ = u — ksd and, from |||/, <
max{1, ks}(||u|ls + ||d||«), the gain condition (27) of Proposition 1 holds. Because ||d||, = 0, it follows from
(29) that the equilibrium (z,d) = 0 is globally attractive. Finally, it is not difficult to show from the Jacobian
linearization that the equilibrium is also stable. Having established stability and attractivity, we conclude that the
equilibrium is globally asymptotically stable.

The proof of stability for the nested saturation design (39) is straightforward because the arguments in the proof
of Proposition 2 continue to hold when x3 is replaced with &5 = x3 + d where ||d,| = 0. [ |

The proposed reduced-order observer takes as input the velocity in order to give an estimate of the flux signal
¢. Since typical AMB sensors give position (as opposed to velocity) measurements, the required velocity signal
has to be computed by differentiating the position. To avoid excessive noise in the observer input this may impose
restrictions on the selection of the type and fidelity of position sensors used (i.e., optical instead of hall sensors,
etc).
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VIII. NUMERICAL EXAMPLES

In this section we illustrate the previous theoretical results via a series of numerical simulations against a high-
fidelity model of an one-dof AMB. The AMB model we consider has characteristics similar to those of Refs. [13],
[17]. The AMB model in [13], [17] includes flux leakage, magnetic material saturation®, flexible modes, voltage
saturation and coil resistance. It has been shown that this mathematical model represents the actual AMB test rig
very accurately, and hence it can be used to validate our control designs under realistic conditions [17]. Henceforth
we call such a model the “actual” AMB model in order to distinguish it from the “ideal” model (with coil resistance,
flux leakage, magnetic material saturation, flexible modes neglected) used for the control law design. The basic
bearing properties are given in Table I. For more details of this AMB model one can consult Ref. [13] or [17].
Reference [17], in particular, has used this model to derive a high-performance voltage-driven controller for an
one-dof AMB. The controllers were implemented to the actual AMB. The results of the simulations in [17] were
essentially identical to the ones obtained via experiments, supporting the high-fidelity characterization of this AMB
model.

TABLE 1
AMB SPECIFICATIONS

Symbol Meaning
N =321 g of turns in coil
m = 4.5 kg effective mass of rotor
Dot = 200 uWh saturation flux
Ay =137 mm? electromagnet pole area
go = 0.33 mm (13 mils) | nominal width of airgap (when z = 0)
Vimax =10V maximum voltage

The bias flux in all our simulations was chosen as ®y = 10 ©yWh. This corresponds to € = 0.1 and it is an order
of magnitude less than what is typically used in practice*. Also, the saturation level was chosen as Vi = 10 V to
make this specification a bit more challenging (the voltage saturation level in [13] and [17] is set to Vi,ax = 30 V).
This voltage saturation level corresponds to A = 0.4. Moreover, all control laws (specifically (32) and (22)) were
implemented using their “hard” saturation counterparts.

Two representative sets of numerical simulations are presented here. The initial conditions for all simulations
were chosen as ¢(0) = 0.15 mm, ¢(0) = 0 mm/sec, ¢1(0) = 10 puWb and ¢2(0) = 50 pWh. The initial condition
for the auxiliary state ¢ is therefore ¢(0) = —40 pWh. This is significantly higher than one expects to encounter
in practice (see second footnote on page 3) and it has been chosen to challenge the simplifying assumptions made
during the control design. The initial state of the observer was always taken to be zero.

The first set of simulations demonstrates the effect of the observer gain x. To this end, the ideal AMB model
(no coil resistance, no flux leakage, etc) was used and the results are shown in Fig. 4. These plots show the results
of the simulations with the control law (32) (state-feedback design) and three output feedback designs for three
values of the observer gain x. As shown in Fig. 4 the trajectories of the observer-controller interconnection tend
to the trajectories of the state-feedback controller with increasing . Similar results hold for the control laws (22)
and (39). At the bottom row of Fig. 4 the time histories of the auxiliary flux state ¢ and the control voltage V are
shown. The actual flux and voltage command to each electromagnet are shown in Fig. 5. Notice, in particular, that
the voltages V; and V5 are applied to each electromagnet according to the sign of the auxiliary signal ¢. The total
fluxes ®; and @ are given by &1 = $¢+ ¢ and Py = Py +min{¢;(0), $2(0)} when ¢ is positive and g = Py — ¢
and ®; = ®¢ + min{¢1(0), p2(0)} when ¢ is negative. This is implied by (6) and (8) and it is verified from the
upper right plot of Fig. 5.

The second set of simulations compares the state trajectories and control signals of the ideal AMB plant with
a state feedback control law, with the state trajectories and control signals of the actual (high-fidelity) AMB plant
with the output feedback implementation of the same controller. The results for all three controllers are shown in
Figs. 6-7. The initial conditions are the same as before. The observer gain for all the simulations was chosen as

3For simplicity, magnetic material saturation effects were neglected in the simulations. This was deemed acceptable because in all
simulations the flux never exceeded 100 Wb, the value when magnetic saturation effects start becoming noticeable.
*A value of 40-50% of the saturation flux is used for most typical biasing schemes.
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Fig. 4. State-feedback and output-feedback system trajectories with control law (32) and different observer gains. Controller gains k2 =
ks = 5.

k = 40. The results with controller (32) and controller gains ko = k3 = 5 are shown in Fig. 6. The results with
controller (22) and controller gains k1 = 20,ky = 2,k3 = 1 are shown in Fig. 7. Finally, the simulation results
with the saturated control law (39) are shown in Fig. 8. Since the saturation levels (40) are conservative, the values
A2 = A1/2 and A3 = A2/2 (of course A\; = A = 0.4) were used in these simulations to achieve faster system
response. In all cases stability is achieved and the responses of the output feedback implementation on the actual
bearing corroborate the state feedback responses predicted from the implementation on the ideal bearing model
used for controller design. The highly oscillatory response of the output feedback implementation evident in these
plots is due to the flexible modes. A closer examination of the results also showed that the neglected coil resistance
was the main factor contributing to the discrepancy between the ideal and actual model responses. If the resistance
does not change significantly during the operation of the AMB, this term may be automatically compensated by
most modern power amplifiers (see first footnote on page 3). In that respect, one expects the discrepancy between
the ideal and actual responses to be smaller in practice.

IX. CONCLUSIONS

Low-bias operation of active magnetic bearings is essential for minimizing ohmic and eddy current losses. Due to
the nonlinear nature of force vs. flux characteristic, operation at low-bias levels leads to reduced linear controllability
and the use of high voltage commands. Low-bias control of an active magnetic bearing subject to voltage saturation
can thus be a challenging control problem. In this paper we have presented three different designs for low-bias
operation of active magnetic bearings using ideas from passivity, the asymptotic small-gain theorem of Teel, and
nonlinear saturated control theory. A flux-based model for an active magnetic bearing that incorporates a generalized
complementary flux condition is proposed and is used for control design. Since flux is not typically available for
feedback we also propose a nonlinear reduced-order observer to estimate the flux from velocity measurements.
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We have shown that this flux observer, when interconnected in a certainty-equivalence implementation with the
proposed state-feedback controllers, results in a globally asymptotically stable system.
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Fig. 8. Comparison of state trajectories and control inputs for ideal model (IM) with state feedback (SF) control law (39) and actual model
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